Some results are obtained on the group of rational points on elliptic curves over infinite algebraic number fields. A certain naturally defined class of Dedekind domains, elliptic Dedekind domains, are described and it is shown that every countable abelian group can be realized as the class group of an elliptic Dedekind domain.
Introduction. Let E be an elliptic curve defined over a field K. Let S be a set of K rational points on E and RS(E) the ring of K rational functions on E having all their poles in S. Then RS(E) is a Dedekind domain. We call such a ring an elliptic Dedekind domain. What abelian groups arise as class groups of such rings? In [6] it is shown that every finitely generated abelian group arises in this way. In this paper we extend this result as follows.
Theorem A. Every countable abelian group can be realized as the class group of an elliptic Dedekind domain.
The proof of Theorem A is dependent on the following theorem which is of independent interest. Theorem B. Let E be an elliptic curve defined over an algebraic number field k. Let K/k be a solvable algebraic extension, possibly infinite. Assume E has no complex multiplications. Then the torsion subgroup of E(K) is finite and modulo torsion E(K) is a free abelian group.
The proof of Theorem B is dependent on deep results of J.-P. Serre on division points of elliptic curves (see [7] and [8]). It is related to, and in fact inspired by, results of B. Mazur [4] .
L. Claborn has shown [1] that any abelian group can be realized as the class group of a Dedekind domain. The same result may be true for elliptic Dedekind domains. The main stumbling block for our methods is that Proposition 1 of this paper is not true if the hypothesis of countability is removed. Hopefully an adequate substitute can be found. independent elements in the group. For example, the integers Z and the rational numbers Q have rank one. Any torsion group has rank zero.
Proposition
1. Let A be a countable abelian group. Suppose every subgroup of finite rank is finitely generated. Then Av the torsion subgroup of A, is finite and A/At is free.
Proof. At has rank zero and is therefore finitely generated. A finitely generated torsion abelian group is finite. Let B = A/A,. B is torsion free. Let Bx Q B have finite rank. Then Ax, the inverse image of Bx in A, also has finite rank and so is finitely generated. Thus Bx is finitely generated and torsion free and so free.
We are reduced to showing: if B is a countable, torsion free abelian group with every subgroup of finite rank free, then B is free. This is a result of L. Pontryagin. We include a proof for completeness.
Let {bx,b2,b3,...} be a maximal linearly independent set in B. Let Bm = [b G B\b,bx,b2,... ,bm are linearly dependent}. Then Bx C B2 C Z?3 C • • ■ is an ascending chain of subgroups of finite rank and B -\JmBm. In fact, Bm has rank m and so, by hypothesis, is free of rank m. Bm/Bm_x is easily seen to be torsion free and so is free of rank one. Thus Bm = Bm_x + Zcm (direct sum) for some cm G Bm. It follows that (c,,c2,C3,...} is a free basis for B.
2. Elliptic curves. Let E be an elliptic curve defined over an algebraic number field k. Let k denote the algebraic closure of k and for each prime /, let £* ' be the points of / power order and E¡ the points of order dividing / in E(k).
Let kS1' = k(Er') be the field obtained by adjoining the coordinates of all the points in E^1' to k. Finally, let k¡ = k(E¡).
Suppose E has no complex multiplications. Then Serre has shown (i) For all but finitely many /, G(kjk) is isomorphic to Gl2 (Z/IZ).
(ii) For all but finitely many /, G(k^ '/k) is isomorphic to Gl2 (Z¡). The proofs are contained in [7] and [8] . A good reference is Lang's book [3] where he states and proves these theorems in a special case (nonintegral / invariant). See Chapter 17, Theorems 2 and 3, of that book. Proposition 2. Let E be an elliptic curve without complex multiplications defined over a number field k. Let K be a solvable, possibly infinite, algebraic extension. Then the torsion subgroup EiK), of E(K) is finite.
Proof. Suppose G(k¡/k) « Gl2 (Z//Z) and that / > 5. By Serre's result (i) these conditions are fulfilled for all but finitely many primes /. If / satisfies these conditions, we claim the /-primary component of E(K), is zero. Proof. We wish to apply Proposition 1. Let B <Z A(K) be a subgroup of finite rank. Our task is to show that B is finitely generated.
Since B has finite rank, there exist elements bx, b2, ..., bn G B such that B/(bx,b2,... The proofs of Propositions 2 and 3 are generalizations of work of B. Mazur (Propositions 6.11 and 6.12 of [4] ). He considers T extensions K/k of number fields and shows A(K)t is finite when A is an elliptic curve without complex multiplications and when A is any abelian variety of complex multiplication type providing K/k is the cyclomatic Y extension.
Definition. Í2 will denote the field obtained from the rational numbers Q by adjoining the square roots of all the integers. Clearly S2/Q is an infinite abelian extension.
4. Let E be an elliptic curve defined over Q. Then £(S2) has infinite rank.
Proof. This is Theorem 2.2 of the paper of G. Frey and M. Jarden [2] . The statement of the theorem is that EiQ) has infinite rank but they remark directly after the proof that £(Í2) already has infinite rank. Proposition 5. Let E be an elliptic curve defined over Q without complex multiplications. Then E(Q,)t is finite and E(Q)/E(Sl), is a free abelian group of infinite rank.
Proof. This is an immediate consequence of Propositions 2,3, and 4. Remark. There are plenty of elliptic curves over Q without complex multiplication. It is well known that if y2 = Ax3 -ax -b is an elliptic curve over Q with complex multiplication, then j = 12 a /a -21b is an integer. So, for example, consider^ = Ax -x -1. For this curve y = -432/7 G Z and therefore there are no complex multiplications. Then R is a Dedekind domain and its class group modulo torsion is a free abelian group of infinite rank.
Corollary.
Let A be a countable abelian group. Then A is isomorphic to the class group of an elliptic Dedekind domain lying between R and its quotient field.
Proof. R is the ring of 0, rational functions on E having poles only at infinity. It is standard that such a ring is a Dedekind domain.
We claim that the class group of R is isomorphic to £(ñ). Let 7g denote the point at infinity on E. By the Riemann-Roch theorem every i2-rational divisor class of degree zero is uniquely represented by a divisor of the form P -Bj where P is an ".-rational point. For P G E(Q), P # ^, let 9 = [r G R\ordp r > 0}. 9 is a prime ideal of R. If P G E(Ú), P ¥-PQ, map P to the ideal class of 9. Map Pq to the principal class. This map from £(S2) to the ideal class group of R is an isomorphism. The proof is relatively easy. For the details of this process see [6] .
The statement of the theorem is now a direct consequence of Proposition 5. Let C denote the class group of R. To prove the corollary notice that the structure of C allows us to construct a homomorphism from C onto A. Let B denote the kernel. Let S be a set of points P in E(ü) such that the corresponding ideal classes 9 generate B. Let Rs be the subring of K, the quotient field of R, described by ord r > 0 for all P $ S U {ig}. The natural map from the class group of R to the class group of Rs is onto and one easily sees that the kernel is B. Consequently, the class group of Rs is isomorphic to A.
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